SYMMETRIES OF QUANTUM LAX EQUATIONS FOR THE PAINLEVE 

EQUATIONS 
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Abstract. The Painleve equations can be written as Hamiltonian systems with affine Weyl group 
symmetries. A canonical quantization of the Painleve equations preserving the affine Weyl group 
symmetries has been studied. While, the Painleve equations are isomonodromic equations for 
certain second-order linear differential equations. In this paper, we introduce a canonical quanti- 
zation of Lax equations for the Painleve equations and construct symmetries of the quantum Lax 
equations. We also show that our quantum Lax equations are derived from Virasoro conformal 
field theory. 
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1. Introduction 

It is known that the Painleve equations are Hamiltonian systems and, except for the first one, 
admit the affine Weyl group actions, as Backlund transformations [[T9l . For example, the second 
Painleve equation Pii(a) (a 6 C) is the Hamiltonian system: 

dq dHii dp dHu 
dt dp ' dt dq ' 

where 

P^ / 9 t\ 

Hiiiq, p,t,a) = — - \q + -jp-aq. 

Let (q,p) be a solution to Pii(cif). Then, birational canonical transformations defined by 

a 

siq,p) = iq + -,p), 
P 

n(q, p) = (-<?, -p + 2q^ + t), 

give solutions to Pn(-Q'), Pii(l - a), respectively. The Backlund transformation group generated 
by s, n is equivalent to the extended affine Weyl group of type A^^\ 

Since the Painleve equations are Hamiltonian systems, their quantization can be considered 
naturally. A canonical quantization of the Painleve equations preserving the affine Weyl group 
actions have been studied [[T2|. [fT6l . [fTTl (see also flVl, [[T3l . [[T4|'). For example, the quantum 
second Painleve equation QPn can be written as the time-dependent Schrodinger equation: 

d i d \ 

K—'Vit, x) =Hii \x,—,t,a\ ¥(r, x) 



dt \ dx 
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Backlund transformations of QPn are realized by the Euler transformation (or the Riemann- 
Liouville integral) and a gauge transformation. Let ^it,x) be a solution to QPii(q'). Then, 
transformations of a solution x) defined by 

s TO, x)) = fix- uf-^'¥(t, u)du, 
Ja 

.m,,.), = exp(2^..)^(,,-.), 

with an appropriate cycle A, are solutions to QPn(-Q'), QPii(-/c - a), respectively. Similarly, 
the affine Weyl group symmetries for the quantum Painleve equations QPm- QPvi were real- 
ized by using gauge transformations and the Laplace transformation fTT]. In both the classical 
and quantum cases, the affine Weyl group symmetries play an important role to study special 
solutions to the systems. 

On the other hand, the Painleve equations describe the isomonodromic deformation for cer- 
tain second-order linear differential equations [6]. Since this fact is crucial for the Painleve 
equations, it will be irnportant to study its quantization. In the present paper, we introduce 
quantum Lax equation^ and study their symmetries. In doing this, a useful fact is that the clas- 
sical Lax equation can be written concisely in terms of the quantum and classical Hamiltonians. 
For example, the Lax equation for the second Painleve equation Pii(Qf -I- 1) can be written as 



d \ „ , ^ I— 



Hii^x, —,t,aj-Hii{q,p,t,a+ 1) - 2(^x - q) \dx~ ^jy^^^ ^ ^' 
and a natural quantization of this gives the following quantum Lax equation: 

(//„ £, ^ a) - //„ e,j-, t,a + e,- e,) - £ - ^ jj o(., ,) = 0. 

The symmetry of these quantum Lax equations can be derived by using the symmetry properties 
of the quantum Hamiltonians studied in [fT7||. Taking the classical limit of the quantum Lax 
equations as 62 ^ with 62d/dq p, we recover the classical Lax equations and symmetries 
of them. On realization of symmetries of the classical Lax equations, see ||23]| . and references 
therein, for example. We also derive the quantum Lax equations from Virasoro conformal field 
theory with two null fields at x and q. Note that the quantum Painleve equations are derived 
from the conformal field theory with one null field []3l, [fT6l . 

Similarly in the case of the quantum Painleve equations [fTTl . symmetries constructed in this 
paper generate solutions to the quantum Lax equations. We shall investigate solutions to the 
quantum Lax equations in the forthcoming paper. 

The remainder of this paper is organized as follows. In section 2, we introduce quantum 
Lax equations for the Painleve equations. After recalling symmetries of the quantum Painleve 



We call the linear differential equations (the Lax auxiliary linear problems) simply as Lax equations. 



equations, we define transformations and show that those are Backlund transformations for the 
quantum Lax equations. In section 3, we derive quantum Lax equations introduced in section 
2 from Virasoro conformal field theory. In appendix, we summarize the known results for the 
classical case. 

Remark 1.1. It is known that the quantum Painleve equations with k = 1 have a relation to 
corresponding classical Lax equations [|22l . [fTSll . [|25l . More precisely, the wave functions 
of the classical Lax equations multiplied by the tau functions of the Painleve equations are 
solutions to the quantum Painleve equations with k = \. This means that the classical Lax 
equations are related to the conformal field theory with the central charge c = 1. In [|4|, the 
tau function of the classical sixth Painleve equation is interpreted as a four points correlation 
function in the conformal field theory with c = 1. 

2. Symmetry 

In this section, we introduce the quantum Lax equations for the Painleve equations and de- 
scribe symmetries of them. In order to construct Backlund transformations of the quantum Lax 
equations, we use Backlund transformations of the quantum Painleve equations. 

2.1. Pvi case. Let TC be the skew field over C defined by the generators x, y, q, p, t, d, a, 
(0 < / < 4), 6i, 62, and the commutation relations 

\y,x\ = ex, [p,q] = e2, [d,t] = \, 

and the other commutation relations are zero, and a relation cfo + Q^i + 2q'2 + 03 + 04 = -ei + €2. 

Let Hy^ia) (a = (ao, a\,a2, a^, a^)) be the Hamiltonian for the quantum sixth Painleve equa- 
tion defined by 

TJX r X , f^A-ei 0-3-61 aQ-e2\ 
Hy^ia) =x(x -l)ix-t)\y ]y 

\ X X - I X - t I 

+ (0-2 + ei)(ai + ^2 + €y)x. 

Let //yj(ar) be defined by replacing x, y, 61, 62 in Hy^{a) with q, p, 62, 61, respectively. 

Let us introduce the quantum Lax operators LviCc) and 5vi(cir) for the sixth Painleve equation 
defined by 

Lvi(q') =i/vi(o^o, a\,a2, a^, 04) - H^^iao, ai,a2 + k, 03,04) 

K 



{x{x -\){q- t)y - q{q - \)ix - t)p) , (2.1) 
X - q 

Byiia) =e2lIy^(ao, ai, a2, 0^3, 0:4) - 6ii/yj(ao, ci, Q'2 + k, a^, a4) - /cei62?(? - l)d. (2.2) 

Here k = ei - €2. We use this notation throughout the paper. 

Let us recall the extended affine Weyl group W(D^^^) symmetry of the quantum sixth Painleve 
equation. Here, W(&^^) = W(D^^^) x G, where ^(^4 ^) = (^0, ^1, ^2, ^3, ^4) is the affine Weyl 
group of type ^ and G = (cr 1,0-2, 0-3) is the automorphism group of the Dynkin diagram of 



Definition 2.1 (cf. [14]). Let the automorphisms s'^ for s e {sq, Si, Sj, 53, ^4, cti, 0-2, ctt,} on 'K be 
defined by the following table: 



z 


ao 


ai 


ff2 


«3 


Q'4 


q 


P 


t 


d 


Sq{z) 


-ao 




a2 + ao 




Q'4 


<? 


P-- 


t 


^+ q-t 


s1(z) 


ao 


-Qfi 


a2 + a[ 




aa, 


q 


P 


t 


d 


4(z) 


ao + a2 


ai + Q'2 


-a2 


0-3 + a2 


a4 + Q'2 


^ p 


P 


t 


d 


sliz) 


ao 




Q'2 + 0:3 


-a^ 


a^ 


q 


P-^ 


t 


d 


sliz) 


ao 




Q'2 + a4 




-a 4 


q 


^ CI 


t 


d 


^r'iiz) 


ao 


ai 


a2 


0:4 


a^ 


l-q 


-p 


\-t 


-d 


crliz) 


ffo 


a4 


0C2 




ai 


1 


-q{pq + 02) 


]_ 

t 


-t^d 


<rliz) 


a^ 




Qf2 


«3 


ao 


t-q 
t~\ 


-{t-l)p 


t 

t-i 


{\-t){q-l)p 
-it - Ifd 



Let Si (0 < i < 4) be the automorphisms on 'K defined by Si{aj) = s^iaj) for j = 0, . . . , 4, and 
Siif) = f, for f = x,y, q, p, t, d, and let cr, (1 < i < 3) be the automorphisms on "TC defined by 
o-i{aj) = erf (ory) for J = 0, ... , 4, and cr,(/) = f for f = x, y, q, p, t, d. 

The automorphisms s'^ for s e {so, Si, S2, Si„ S4,(Ti,o-2,o-3} are expressed as compositions 
of transformations s for parameters and transformations R'i for variables, that is, 5^ = 5 o 7?f 
(Theorem 2.4 [fTTl ). The automorphism i?? is a Backlund transformation for the quantum sixth 
Painleve equation, which transforms a solution with the parameter a to a solution with the 
parameter s(a). As for birational actions of the Weyl group of any symmetrizable generalized 
Cartan matrix, see [10] and reference therein. 

Let Xr, -Cq be the Laplace transformations on TC with respect to x, q, respectively, defined by 

Xv (y) = X, Lx ix) = -y, £q (p) = q, £q (q) = -p. 
Let Ad{{x - c'fl'^^ ) for ( c 6 C, jS 6 C) be the gauge transformations on 7C defined by 

M{{x-cf){y)=y--^. 

X - c 

Let Ad((;c - tY^'^^ ) for (yS 6 C) be the gauge transformations on "K defined by 

Ad((x - tf'' ){y)=y- — , Ad((x - tf'' ){d) = d + — . 

X- t X - t 

Here, we have omitted to write the transformation on the variables if it acts identically. The 

automorphisms Ad ((^q - c)^^'^^^. Ad ((^q - t)^^'^^^ are defined in the same way above. 



Definition 2.2 (cf. IfTTB ). Let the automorphisms i?^.(a,) (/ = 0, l,2,3,4j and Ra-^ (i = l,3j, 
Ra2(^2^ '^^ defined by 



R]^{ao) = M\{x-ty-y i?;/ai) = id, R]^{a2) = L'' ^ M[x- ]o 
R^ias) = Ad((x- 1)-^), Rl(a4) = Ad^x"^), 



Rcri 



(x\-^ I - x,q\-^ I -q,t\-^ I -t), K-Jya2) = R%{a2 + e^) oix ^ -,q ^ -,t ^ - \, 



t - X t - q t 
Ro-i =\x\-^ T,q ^ T,t^ 



t-1 t-1 t-1 



Here, {x f{x, t), t g(x, t)) stands for a transformation of variables. The automorphisms 
R%{ai) (i = 0, 1,2, 3, 4j, ^^^^(q'i) cire defined by replacing x, 6i in i?;J (a,), R^^(a2) with q, 62, 
respectively. 

Proposition 2.3 ([Ell). The automorphisms R^ (a i) (i = 0,1,2, 3, 4j, Ra-. (i = 1,3), R'^^{a2) 
preserve the Hamiltonian H^^{a) in the following sense: 

Rl(ad(H^,(a)) = H^,(s^{a)) + C,„ R^.iH^a)) = -H-^,((T,(a)) + 
1 .1 



where 



n I 4^-1) 

=«o \ oc^ - ei + KX + K 



t - X 



C„ =0, 



Cs^ =«2(Q'3 + ai + 02 + ei + (ao + ai + 0-2 + + K)t), 
C,3 =a^{{aA- ei)t - Kx), 

C^i =(a2 + + Qf2 + 61), 

Co-2 =~(^2 + ei)(<3^0 + + Q'2 + Z'' + ^(0^1 + 0:2 + 0:3), 



C^3 =^ ((a2 + + 0^2 + fi) - /^(^ - IM 



t 

t~l 

By definition, the automorphisms R%{ai) (z = 0, 1, 2, 3, 4) and i?o-. (z = 1,3), Rl.^{a2) act the 
Hamiltonian Hy^(a) in the same way above. 
Let D{a2) be defined by 

D(a2) =yp + y + p. (2.3) 

X- q q - X 

We use this notation throughout the paper. 

Definition 2.4. Let the automorphisms R^. (i = 0, 1,3,4), R^-^, T^io^ 1.53^4 52 ^ on'K be defined 
by 



R,_ = RliadRliad, R^, = Rl(a2 + e,)Rl 

Ts,s,s,s,s, = RU-ai - ^)i?:„(ao)^:/ai)^^3(«3)^^,(«4)i??o(ao)^?.(ffl)i??3(a3)i?l(«4)^?,(«2 + k). 



S = M{D{a2r')R]^{a2)Rl{a2+ K), 
where at = -5'o*i5'3*45'2(q^o) = cci + 0^2 + a: /or z = 0, 1, 3, 4. 
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These automorphisms Rg. (i = 0, 1, 3,4), i?^^^ ^^0^1,3^4^2 are naturally given by looking at 
the change of parameters when the automorphisms i?j.(or,), ^fX'^i) the quantum Lax opera- 
tors. 

Theorem 2.5. The automorphisms Rs^ (i = 0, 1,3,4), ^^05143^4^2 cind S act the quantum Lax 
operators Lyi(a) and Byi(a) as follows. 
For s € {sq. Si, S3, S4, 0-1,0-2, 0-3}, 

Rs (Lyiia), Byiia)) = c, (Lvi(5(q;)), 5vi(5(a)) + fs) , 

where 

Cg. 1 (/ 0, 1, 3,4), C(7-j 1, ^cr2 ~5 ^CT'i ~^ ~^ 

and 

fso = -Kao(a4 + it- l)(ei + 62)), 
fs, = 0, 

/^3 = -/CQ'3Q'4?, 

/s4 = -Ka^iao -61-62 + a^t), 

fa-, = K(a2 + 6i)(Qri + ar2 + 61), 

/0-2 = -K(a;2 + ei)(oro + ori + ori - 62 + (o^i + 0^2 + 0^3 + fi)0, 
/0-3 = K(a2 + 6i)(ori + 0^2 + £i)t- 

For the automorphism TsgsiS3S4S2' 

hosis,s,s2 ^.vo.vi.V3.V4.V2 (("^ " ^)^Vl(a)) = (x - q)Lyi (Sq* 1 *3 *4*2(«)) , (2.4) 

(Byiia)) = 5vi(50'^i'^3'^4*2(«)) .3,4.2' 

= -'^((^2 + 6i)(ai + ar2 + Qr3 + oroO + (0^2 + K)(ai + 0^2 + ei)0 , 

anJ /t, , , , , /i' some element in "K whose explicit form is given in the proof. 
For the automorphism S, 



yp (Rl(a2)R%(a2 + k) ((x - q)Ly,(a))) D{a2) 



= ((x - q)yp + {a2 + K- 62)y + (ei - 0^2)^) | £>(«2) - ^^^^^^^2^ I ^vi(c?o, ^i, -^2 - 2ei, c?3, ^4), 



5 (5vi(ar) + fs) = 5vi(c?o, f^i, -«2 - 2ei, <f3, (^4) - D(a2) ^ — — — — — Lyiido, c?i, -0^2 - 2ei, (?3, c?4). 



^_l2( Qf2 + 61) 6162 

(x - q) 

where (?,• = or,- + 0^2 + ei f/ = 0, 1, 3, 4) and 



fs = K(a2 + ei)(ai + 0^2 + 0^3 + ei + (oro + qti + 0^2 - 62)0- 

6 



Proof. A proof follows from direct computation. As an example, we compute (12.41) whose 
precise form is 

{{X - q)p - ^2 - K)yRl{-a2 - K)R:^(ao)Rl(a,)Rl{a,) ((x - q)Ly,(a)) 

- i(x - q)y + a2 + K) pR]^{-a2 - K)R\{-ao)R%{-a^)RlJ^-dA) {{x - q)Lyi{sQSiS3Sa,S2ia)) = 0. 

(2.5) 

From Proposition 12. 3[ we have 



H^^isQSiS^s^ia)) - 6i((a4 + a^)t + a4 + ao) 

{x{x - l){q - t)y + a/[t + {a^^q - t - I) + aT,{q - t) + ao{q - 1)) x) . 



K 



X - q 

From Proposition |23] and above, we have 

Rli-a2 - K)Rl^iao)Rlia,)Rlia,) {(x - q)H^,ia) - kx(x - l)iq - t)y) 
= (x-q) (H^^isoSi S3S4S2{a)) + Ai) 
- K{{q - t){x{x - \)y + (a2 + '^)(2x - 1)) + a^t + Bix) 

+ -^y- {H^^(soSiS3S4S2(a)) + Ai - K(a2 - 62)(q - t) - kBi) , (2.6) 

where 

Ai = -ei((a4 + 0:3)? + Q'4 + uq) + (q'2 + /c)(q'3 + ai + a2 + €2 + (ao + ai + 0^2 + 
Bi = a4(q -t-l) + asiq - t) + a^iq - 1). 

In a similar way, we have 

Rli-a2 - K)Rl{-ao)Rli-a3)Rl(-a4) ((x - ^Xi(^o^i^3^4^2(«)) - Kq(q - l)(x - t)p) 
= (x-q) [Hl^iao, ai, 0-2 + k, 03,04) + A2) 
- k((x - t){q(q - l)p + {a2 + K){2q - 1)) - (^4 + a2 + K)t - B2q) 



a2 + K 
P 

where 



^//yj(Q'o, «!, 0^2 + ^3, a4) + A2 + K{a2 + K - e2){x - t) - kB2^ , (2.7) 



A2 = -e2((a3 + ai - K + (ao + ai - K)t - (0-2 + k)((X3 + ci + Q'2 + 61 + (oro + ai + Q'2 + ^2)0, 
B2 = ai(t + 1 - x) + aot + aj + a2X + k{2x + t + I). 

We substitute (12.61 ) and (12.71 ) into the left hand side of (12.51 ) and then we compute it directly 
by using the commutation relations. After straightforward calculations, we obtain the relation 
(1231) . □ 
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2.2. Pv case. Let 'K be the skew field over C defined by the generators x, y, q, p, t, d, at 
{0 < i < 3), €i,€2, and the commutation relations: 

[y,x] = ei, [p,q] = 62, [d,t] = 1, 

and the other commutation relations are zero, and a relation ofo + «i + a2 + aj = -61 +62. 

Let Hy{a) {a = {uq, ai,a2, a^)) be the Hamiltonian for the quantum fifth Painleve equation 
defined by 

Hy{a) = {x - l)(y + t)xy - (cfi + - ei)xy + aiy + {a2 + ei)tx. 

Let Hy(a) be defined by replacing x, y, 61 in Hy(a) with q, p, 62, respectively. 

Let us introduce the quantum Lax operators Lv(cir) and Bv(a) for the fifth Painleve equation 
defined by 

Lyia) = Hy{ao, aua2, 03) - H^iao + K,aua2 + k, a^) {x{x - \)y - q(q - \)p), 

X - q 

Bv(a) = 62Hy{aQ, au ^2, a^) - 6i//y(ao + Af, ffi, 0^2 + k, a-y) - Keie2td. 

Let us recall the extended affine Weyl group W{A')^^) symmetry of the quantum fifth Painleve 
equation. Here, WiA^^"*) = W(A[^^) x G, where W(A^^^) = (sq, si, S2, S3) is the affine Weyl group 
of type A''^'' and G = {n, a) is the automorphism group of the Dynkin diagram of type A^^\ 

Definition 2.6 (cf. [12]). Let the automorphisms s'^ for s 6 {^o, ■^i, S2, S3, tt, cr} on 7C be defined 
by the following table: 



z 


ao 


ai 




ff3 


q p 


t 




d 




-«o 


ai + ao 


0C2 


a3 + ao 


-' p+t 


P 


t 


d- 


«o/e2 
p+t 


sliz) 


ao + Q'l 


-ffi 


a2 + a\ 




q 


P-- 


t 




d 




ao 


ai + a2 


-a2 


a3 + a2 


q + — 


P 


t 




d 


A(z) 


ao + a3 


ai 


a2 + a3 


-a3 


q 




t 




d 


n%z) 


ai 


ai 




ao 


_p 

t 


t{q-\) 


t 


d + 


—T-P 


T^iz) 


a2 


ax 




ff3 


q p + t 


-t 


-d 





Definition 2.7. Let the automorphisms Rl.{ai) (/ = 0, 1, 2, 3j, R^, Rcr on 7C be defined by 
Rliao) = o Ad((x + rr?) o R^^ia,) = Ad(x~^) , 
R^Mi) = ° Ad [x-"-^y X,, Rl{a3) = Ad ({X - 1)"^ ) , 
Rl = {x^ t{x - 1)) o X,, R^ = {t^ -t) o Ad I exp | - 1 1 o Ad (exp ( ^ 1 1 . 



The automorphisms = 0' 1' 2, 3j, i?^ are defined by replacing x, 61 in R^^.(ai), R^ with 

q, 62, respectively. 



Proposition 2.8 (1121, Ull). The automorphisms R'^-iad (i = 0, 1,2,3), R^, R^j preserve the 
Hamiltonian Hy(a) in the following sense. 

Rl(ad{H-^{a))=HUsi(a)) + C,„ 

Rl (H'yia)) = H-;(n-\a)) + C,, R^ (H^ia)) = H^icria)) + C^, 

where 

Cso = -aoiai + 26i - 62) + Kt-^, 

y + t 

C,, = -ai{a3 + t- ei), 

= -aiiao + 2ei - 62 + t), 
C,3 = -asiai - 61), 
Cn = a^ei + aiiei - t) - k6i{x - 1), 

Co- = (CKl - ei + KX)t. 

By definition, the automorphisms R%{ai) (i = 0, 1, 2, 3), Rl and Ro- act the Hamiltonian Hy(a) 
in the same way above. 

Definition 2.9. Let the automorphisms Rs^ (i = l,3j, R^, To-vi sji,. T^iiii^s^r ^ on'K be defined 
by 

R,,=Rl{adR%{ad, R. = R^Rl 

Tas,s,s, = Rli-ai - K)R:^{a:)Rl(a,)R^Rl(a:)Rl{a,)Rl(a2 + k), 

r„,,,3,-. = RlRl(s,S2(a3))R:^(s,(a2))R:S»i)Rl(-^i + '<)R%(-s,ia2))Rl(-s,S2ia3)) {RtT' , 
S = Ad{D(a2r')Rl(a2)Rl(a2 + k). 



where ai = -asiST,S2{ai) = ai + a2 + Kfor i = 1,3, and D(a2) is given in (|2.3I) . 

Theorem 2.10. The automorphisms R^. (i = l,3j, Ra-, R^, 7'o-iii3i2' ^sii2i3?r ' '^"^ ^ 
quantum Lax operators Ly{a) and Byia) as follows. 
For the automorphisms R^ (s e {si, S3,o-}), 

R, (Lv(a), Byia)) = (Ly(s(a)), By(s(a)) + /,) , 

where 

/,! = Kaiias + t), /,3 = Kaias, = -Kait. 
For the automorphism R^, 

Rl ((x - q)Ly(a), By{a)) = ({q - x)Ly{n^(a)), By(n^(a)) - K(a2 + 03+ K)t) . 
For the automorphisms Tr (r e {crsiS3S2, SiS2S3n~^}), 

ItT, {{x - q)Ly{a)) = (x - q)Ly (r(a)) , (2.8) 
Tr{By{a)) = By{r{a)) + fT,., 



where 

fx = Kiao - K)(aQ - t), fr , = 0, 



and ^r^,,,3,2' are some elements in TC whose explicit forms are given in the proof. 

For the automorphism S , 

yp (Rl{a2)Rl(a2 + k) {{x - q)Ly{a))) D(a2) 

= ({x - q)yp + {a2 + K- e2)y + (ei - 0:2)7?) \D{a2) - + gOC^i + ^2) U^^^^^ di,-a2 - le^ d^). 



_i 2(a2 + 61)61 62 



S iBy{a) + fs) = 5v(ciro,ai,-Q'2 - 2ei,d3) - 0(02) — — — — — Ly{ao,di,-a2 -2€i,d3), 

where di = ai + 02 + ei (i = 1,3) and 

fs = K(a2 + ei)(ai + a2 + «3 + 61 + t). 

Proof. For the cases of the automorphisms T,. (r e {crsiS3S2, siS2Sj,n'^} acting Lv(ff), we show 
that 

(ix - q)p -a2- K)yRl{-a2 - K)Rl^{a,)Rl^{a3)M{^x^[-j^{{x - q)Lv{a)) 
= {{X - q)y + a2 + k) pR\{-a2 - K)Rl(d,)Rlids) 

o a ^ _^)Ad exp -— ((x - q)Lyio-SySiS2ia)) , (2.9) 



^2/ 

ARl {{X - l)Rip,S2{a,)) (yRl{s,{a2))R:^{a,) {{x - q)Ly{a)))) 

= I)i??3(5i52(a3))(pi?l(^i(«2))i??,(ai -^)((x-^)Lv(5i5253;r-i(c^))))), (2.10) 

which are the explicit forms of (12.81 ). Here A, B are elements in TC such that 

A = ao^-ip^ - - — \yp^ + aiX2P^ + (0^3 - 62 + ^(1 - <?)(1 + x))yp + a^^y + a^^ip + ao,o, 
X - I 

B = y^ + b2,iy^p + ^2,0/ + KiyP + ^loy + bo,iP + bofl- 

where aij, bij are rational functions of x, q, t, a, (z = 1,2, 3), 61, 62. We omit the proofs of (|2.9k 
(12.101) , since they are similar to that of Theorem 12.51 

Proofs of the other cases follow from direct computations by using Proposition [2]8l □ 

Actions involving i?^^(ciro), R%(o:o) on the quantum Lax operators can be obtained from The- 
orem [OOl because of the relations 

R^Rl{a2)R^ = Rl{a2\ R^Rl(a2)R^ = Rl(a2). 
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2.3. Piv case. Let TC be the skew field over C defined by the generators x, y, q, p, t, d, at 
(0 < / < 2), 61,62, and the commutation relations: 



{y,x\ = 6i, {p,q\ = 62, {d,t] = l, 

and the other commutation relations are zero, and a relation ao + ai + ai = -fi + ^i- 

Let H-ly{a) {a = {aQ,ai,a2)) be the Hamiltonian for the quantum fourth Painleve equation 
defined by 

H^yia) = yxy - xyx - txy - a2X - a\y. 

Let H^y(a) be defined by replacing x, y, 6\, 62 in H^y(a) with q, p, 62, 61, respectively. 

Let us introduce the quantum Lax operators Liv(Qr) and Biy^a) for the fourth Painleve equa- 
tion defined by 

K 



Liyia) = H^yiao, a 1,02) - H^y(aQ + K,ai,a2 + k) 



X - q 



-ixy - qp). 



Biyia) = 62H-iyiao, ai, ai) - 6iH^y{ao + K,auQ:2 + k) - K6i62d. 
Let us recall the extended affine Weyl group VF(Af,'^) symmetry of the quantum fourth Painleve 



equation. Here, W(A^ ') = WiA\ ') x G, where WiA^ ) = (sq, si, S2) is the affine Weyl group of 
type A^}^ ^i^d G = (n, a) is the automorphism group of the Dynkin diagram of type A^}'\ 



Definition 2.11 (cf. p2|\ I^t the automorphisms s'^ for s e {50, s\, S2, n, a] on % he defined by 
the following table: 



z 


ao 




0-2 


q p 


t 


d 




-«o 


ori + oro 


0^2 + «o 


q+ "\ 

^ p-q-t 


p+ "\ 

^ p-q-t 


t 


d + 

p-q-t 




ao + «i 


-ai 


0-2 + fi 


q 


a\ 

P 


t 


d 




ao + Q'2 


ai + a2 


-Qf2 




P 


t 


d 




«i 






-p 


-p + q + t 


t 


d-p 


cr%z) 


«2 


ai 


ao 


V-lq - 


- ^f-i{p -q-t) 


^It 





Definition 2.12 (cf. [fTTl ). Let the automorphisms Rl(ai) (i = 0, 1, 2), R^, Ra- on "K be defined 
by 



Rliao) = Ad ^exp \\^- + xtj -jj o o Adix'-) o o Ad ^exp - xtj -jj , 

a ] <T9 

R'„(a,) = Ad(x"^), R'Ja2) = X;' o Ad(x"?) o £„ 
ii; = X.oAd(exp((4-«)i)). 

Ra- = [x\-^ V^jc, q 1-^ V^^, 1 1-^ V^?) o Ad |exp " ^^j — jj ° |exp " ^'^j —j 

r/ze automorphisms i?|(a,) (/ = 0, 1, 2j, i?^ are defined by replacing x, 61 m Rn ^'^^ ^' 

62, respectively. 
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Proposition 2.13 ( lfT2l . [[TTll ). The automorphisms R].{ai) (i = 0, 1,2), R^, i?o- preserve the 
Hamiltonian H^^ia) in the following sense. 

Rl (H^yia)) = HUn-\a)) + C,, R^ (H^yia)) = - ^PlHl^icT{a)) + C 

where 

r ^Q^o _ _ , _ , 

y - X - t 

C;r = -ct\t - Ky, Co- = - V-T((ai - ei)t - KX). 

By definition, the automorphisms R%{ai) (z = 0, 1,2), Rl and 7?o- act the Hamiltonian H'^y{a) 
in the same way above. 

Definition 2.14. Let the automorphisms i?,,,, Ta-siS2, Tsisir^y S on'K be defined by 
i?,, =Rl^{a,)Rl{a,), 

T^.,., = RU-^2 - K)R',^(ai)R^Rl(-o-SiS2(ay))Rl(a2 + k), 
r,,,,,-, = + a2)R:S(^i)Rii-a, + K)Rl(ao + k) {Riy' , 

S = Ad(D(a2r')Rl(a2)Rl{a2 + k). 

Theorem 2.15. The automorphisms i?^,, Ra-, 7"o-.v,i2' ^ii.v2?r ' ^'-^ quantum Lax opera- 

tors Liy{a) and Biy{a) as follows. 

For the automorphisms Rs (s e {si,o-}), 

R, (Liv(q;), 5iv(a)) = c, {Liy{s{a)), Biy{s{a)) + /,) , 

where 

Csi = 1, Co- = - V^, /,, = Kait, fo- = -KUit. 

For the automorphism Tr (r e {crsiS2, siS2n~^}, 

IjTr {{x - ^)Liv(a)) = {x- q)Liy (ria)) , (2.11) 
Tr (5iv(a)) = - V^5iv (ria)) + fr,, 

where 

fr = -K(a2 + K)t, fr , = 0, 

and It^,^,^, ^ <^re some elements in 7C whose explicit forms are given in the proof. 
For the automorphism S , 

yp (R:^(a2)Rl(a2 + k) ((x - q)LMa))) D(a2) 

{a2 + ei)(ei + 62)^ 
{x-qf 



{{x - q)yp + {a2 + K- e2)y + (61 - a2)p) | D{a2) — — | Liv(«o, ai, -ori - lei). 



_i2{a2 + €1)6162 



S (5iv(ff) + fs) = Bwiao, di, -^2 - 26i) - D{a2) — — Liv(ao, du-ai - 2ei), 

{x - q)^ 
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where di = ori + Qr2 + 61 and 

fs = K{a2 + ei)t. 

Proof. For the cases of the automorphisms T, (r 6 {crsiS2, 5i527r M acting Liv(a), we show that 
((x - q)p -a2-K) yRl(-a2 - k)R'^, (aOAd |exp - xtj ^ jj ((jc - <?)Liv(q')) 

= {(x - q)y + Qf2 + /c) pR%(-a2 - K)Rl(o-SiS2iai)) 

o(^x^ ^f^x,q^ yf^q,t\-^ V^?)Ad|exp||-Y -^^j— jj((^-<?)^iv(o'5i52(«)), 

(2.12) 

Ai?^ (yR^^^(si(a2))R:Sa,) ({x - q)L,y{a))) 

= BRl(pRlisiia2))Rliai-K)((x-q)LMsiS2n-\a)))), (2.13) 
which is the explicit form of (|2.1 11 ). Here A, 5 are elements in TC such that 

A = ao,3P^ - yp^ + aojp^ + {q - x + t)yp + {a\ + Q'2 + (<? + t)x)y + acip + ao,o» 



0- 



where atj, bjj are rational functions of x, q, t, a, (/ = 1,2,3), ^i, ^2- We omit the proofs of 
(12.121) . (|2.13l) . since they are similar to that of Theorem 12.51 

Proofs of the other cases follow from direct computations by using Proposition 12. 131 □ 

Actions involving i?^^(ao), R%^{ao) on the quantum Lax operators can be obtained from The- 
orem |2?T5l because of the relations 

{R^r' Rl{a2)Ra = Rl{a2), {Ra-T' Rl(a2)R. = R'M- 

2.4. Pni case. Let 7C be the skew field over C defined by the generators x, y, q, p, t, d, or/ 
(0 < / < 2), 61, 62, and the commutation relations: 

[y,x] = ei, [/?,<?] = 62, [d,t] = \, 

and the other commutation relations are zero, and a relation ao + 2ai + a2 = -ei + 62- 

Let //fjj(Q') (or = (ao, 0:1,02)) be the Hamiltonian for the quantum third Painleve equation 
defined by 

H^ii(a) = xyxy - xyx + (oro + 0:2 + €i)xy - a2X + ty. 

Let //fjj(Q') be defined by replacing x, y, e\, 62 in H^^^(a) with q, p, 62, 61, respectively. 

Let us introduce the quantum Lax operators Lmia) and 5iii(Qr) for the third Painleve equation 
defined by 

Lin(a) =H^^^(aQ, a 1,02) - Hl {aQ + K,ai,a2 + K) {y - p), 

X - q 

Biii(a) =e2^^ni(ao, «i, «2) - eiH^^^(ao + k, ai,a2 + k) - Keie2td. 
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Let us recall the extended affine Weyl group WiC^^'') symmetry of the quantum third Painleve 
equation. Here, WiC^'') = WiC^^) x G, where WiC^^) = (sq, Si, S2) is the affine Weyl group of 
type C2'' and G = (cr) is the automorphism group of the Dynkin diagram of type Cj''- 

Definition 2.16 (cf. [[T3l . flVl). Let the automorphisms s'^ for s e {sq, si, S2, cr} on % be defined 
by the following table: 



z 


uq a\ a2 




z d 


s\{z) 
sliz) 


—ao a\ + ffo 0^2 
QTo + 2ai -ai a'2 + 2ai 

QfO a\ + 0^2 -Q'2 


q p-^ + ^ 


t d 
-t -d + — 
t d 


(T^iz) 


Q'2 ttl oro 


l-p 


-t -d 



Definition 2.17 (cf. IfTTll '). Let the automorphisms Rl.iai) (i = 0,1,2), R^- on 'K be defined by 

i?^^(Q;i) = (t -t) o Ad |exp I — ^ j jc"^ 
i?;(a2) = X;'oAd(x"^)oX„ 

i?o- = U 1-^ ^ 1-^ -<?, ? 1-^ -0 o Ad |exp jj ° I^^P ■ 

The automorphisms R%{ai) (i = 0,\,2) are defined by replacing x, 61 in i?J(a,), with q, 62, 
respectively. 

Proposition 2.18 ([T7]). The automorphisms Rl.{ai) (i = 0,\,2), Ra- preserve the Hamiltonian 
//]^jj(Qr) in the following sense. 

Rl(ad(H^u((^)) = H^,,{s^(a)) + C,„ 
RAHin(a)) = H^,M{a)) + C^, 

where 

Kt 

Cso = -(«o + fi)(«2 + €1), = 2ai62 -t , C,2 = -ajiao + 61), = Kt. 

X 

By definition, the automorphisms i?|(Qr;) (z = 0, 1,2) and i?o- act the Hamiltonian //jjj(q;) in 
the same way above. 

Definition 2.19. Let the automorphisms i?,,,, Ta-s^s^' S on'K be defined by 
i?,, =R:^{a,)R%{a,), 

T^s.s, = Rl{-a2 - K)R',^(ai)RAt ^ t)Rl(-crsiS2(ai))Rl(a2 + k), 
S = Ad(D(a2r')RUa2)K(»2 + k). 
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Theorem 2.20. The automorphisms R^^, Ra-, 7^0-11*2 ^'^^ ^ quantum Lax operators Lin(a) 

and Biii(a) as follows. 

For the automorphisms Rs (s e {si, cr} ), 

R, {Uii{a\ B,uia)) = (LMa)), BMa)) + /,) , 

where 

= K{t - 2ai(ei + 62)), fa- = Kt. 

For the automorphism Ta-siS2' 

h^s^sJo-syS2 {{x - q)Lm(a)) = {x- q)Lm {o-SiS2ia)) , (2.14) 
{Biiiia)) = 5in (cr^i 52(a)) + /r,,,,,, 

where 

/t-..,,.,, = KaQ{a2 + 2ei). 

and It^,^,^ is some element in 'K whose explicit form is given in the proof 
For the automorphism S , 

yp (R]^{a2)Rl{a2 + k) ((x - q)Lui(a))) D(a2) 

= ((x - q)yp + {a2+ K- 62)y + (61 - a2)p) \D{a2) - ^^L±£i2^fl_ti^ j Lni(ao, ai, -ai - 26i), 



S (5„i(a) + fs) = 5ni(Q'o, du -Q'2 - 26i) - D{a2) — — — ^■^:^Lni(ao, -ai - 26i), 
where di = ai + q;2 + '^nJ 



_j 2(a2 + 61)61 ^2 

(x-qr 



fs = -K{ao + ei)(o'2 + 
Proof. For the cases of the automorphisms Ta-sjs2 acting Lmia), we show that 

iix - q)p -a2- K)yRli-a2 - /c)i?;^,(ai)Ad|exp|(-^ - ^jx"^ j((x - q)Lm{a)) 
= -{(x- q)y + a2 + K) pR\{-a2 - /c)i?f,(cr5i 52(^1)) 

/ lit \ 1 \ _2f3li2(£l)\ 

o{x^ -x,q^ -q)Ad\Qx^\\ q\ — \q "~ \{{x - q)Lui(crsiS2(a)) , (2.15) 



<? / f 2 

which is the explicit form of (12.141 ). We omit the proofs of (12. 15k since they are similar to that 
of Theorem 12. 51 

Proofs of the other cases follow from direct computations by using Proposition l2.18[ □ 

Actions involving R^^(ao), R'i^iao) on the quantum Lax operators can be obtained from The- 
orem |2]20l because of the relations 

R^R:^(a2)R^ = Rl{a2\ R^Rl(a2)R^ = Rl{a2). 
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2.5. Pjjj case. Let % be the skew field over C defined by the generators x, y, q, p, t, d, ao, ai, 
61,62, and the commutation relations: 

{y,x\ = 6u {p,q] = 62, [d,t] = 1, 

and the other commutation relations are zero, and a relation + ai = -61 + 62. 

Let H^l'^(a) (or = (ao, ai)) be the Hamiltonian for the quantum third Painleve equation of 
type Dj defined by 

H^^'^(a) = xyxy + (-ao + e2)xy + ty + x. 

Let H^l'''(a) be defined by replacing x, y, 61, 62 in H^^'^(a) with q, p, 62, 61, respectively. 

Let us introduce the quantum Lax operators Ljjj (a) and B^^l (a) for the third Painleve equation 
of type Dj defined by 

L?l(a) =H^l'\ao, Ofi) - H^''''(ao, a^ + Ik) - -^^(_y - p), 
111 111 111 X — q 

B^^l(a) =62H^'\ao, ai) - 6iH^'^(ao, ai + 2k) - K6i62td. 

We introduce the extended afline Weyl group W(Aj'^) symmetry of the quantum third Painleve 
equation of type Dj. Here, ^(Aj^^) = W(A^^^) x G, where W(A^-^^) = (so, si) is the affine Weyl 
group of type Aj^^ and G = (n) is the automorphism group of the Dynkin diagram of type Af\ 

Definition 2.21. Let the automorphisms s'^ for s e {^o, Si,n} on 'K be defined by the following 
table: 



z 


ao ai 


q p 


t d 


s\(z) 


—ao a\ + 2ao 
ao + 20^1 —ai 




-t -d+-^ 
-t -d 


7lfi(z) 


ai ao 


tP -f 


-t -J-^ 



Definition 2.22. Let the automorphisms Rl.(ai) (i = 0,\), on 'K be defined by 

KS°^q) = (f^ -0 o Ad |exp j ^"^ j ' 

R:^(a,) = KoRl(a,)oR^^. 

The automorphisms R%(ai) (i = 0,1) and Rl are defined by replacing x, 6\ in R^^.(ai), R^ with q, 
62, respectively. 

Proposition 2.23. The automorphisms R^^^(ao), Rn preserve the Hamiltonian H^'^(a) in the 
following sense. 

R:^(ao) = H^'\so(a)) + C,„, 

R, {H^,l'\a)) = H^'\n(a)) + C„ 
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where 

Kt ^ 

C,o = 62^0 , Cn = -6iai + Kxy. 

By definition, the automorphisms i?i(,(Qro) and Rj^ act the Hamiltonian H^^'^'ia) in the same 
way above. 

Definition 2.24. Let the automorphisms Rs^, Tsq^, S on'K be defined by 

= Rl{ao)Rl{aG), 
T,,„ = Rli-ao + K) {Rir' KRliao), 
S =Ad(Z)-ii)i?X(«o), 

where 

^ X q 
Dm = y + p. 

X - q q - X 

Theorem 2.25. The automorphisms Rsg, T^^^ and S act the quantum Lax operators (a) and 
Bf^l(a) as follows. 

For the automorphisms Rgg, 

R,, (Lf^lia), Bf,l(a)) = (Lf^l(so(a)), <(^o(a)) - xaoie, + 62)) . 

For the automorphism T^^n, 

k^oJ^o'T ((x - ^)^ni («)) = (x- q)Lf^l (son{a)) , (2.16) 

'^■^oT (^m(«)) = -Sm (■^o7r(ff)) + (oq - e^/c^, 

where It,^„ is some element in whose explicit form is given in the proof. 
For the automorphism S , 

(RlRliao)(ix-q)Lf^l(a)))Dui 

1 / t62 \(eiq + e2X \ \rDT, 

X + tp\\ + qp-xy\ + L„l(ao + 61, ai - 61), 

X - q \ q - X )\ X - q ) x- qj 

S (Bf^lia)) = i^^y + —^pjBfliao + 6i,ai - 61) - 61 e;/)^ , ^ ^ Lfl(ao + 6i,ai - 61). 
^ ^ \x-q q-x I (x-qY 

Proof. For the cases of the automorphisms T^^g^ acting L^j (a), we show that 

i-tp + x)RlRl(ao) ((X - q)Lf^lia)) 

= -(ty- q)RlRl(ao - k) ((x - q)Lf^l{son(a)) , (2.17) 

which is the explicit form of (12.161) . We omit the proofs of (12.171) . since they are similar to that 
of Theorem 12. 51 

Proofs of the other cases follow from direct computations by using Proposition l2.23[ □ 

Actions involving Rl^{ai), i?f,(Qri) on the quantum Lax operators can be obtained from The- 
orem |2.25l because of the definitions of R^^^(ai), R1^{al). 
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2.6. Pn case. Let TC be the skew field over C defined by the generators x, y, q, p, t, d, a^, ai, 
61, 62, and the commutation relations: 

[y,x] = 61, [p,q] = 62, [d,t] = 1, 

and the other commutation relations are zero, and a relation ao + ai = -61 +62. 

Let H^^(a) (a = (ao,ai)) be the Hamiltonians for the quantum second Painleve equation 
defined by 

Let Hl^{a) be defined by replacing x, y, e\, 62 in H^^(a) with q, p, 62, 61, respectively. 

Let us introduce the quantum Lax operators Lii(a) and Bii{a) for the second Painleve equation 
defined by 



Lii(a) =H^i{ao, ai) - H^iiao + K,ai+K)- 



2{x - q) 



iy - P), 



Bii{a) =62H^i(.ao, ai) - eiH^^(ao + /c, ai + /c) - /C6ie2<i. 

Let us recall the extended affine Weyl group W(A\^-') symmetry of the quantum second 
Painleve equation. Here, W(A[^^) = WiA\^'') x G, where W{A\^'') = {so,si) is the affine Weyl 
group of type Af'' and G = (n) is the automorphism group of the Dynkin diagram of type A^K 

Definition 2.26 (cf. [fT2|. [fTTlD . Let the automorphisms s"^ for s e {so, si,n} on 7C be defined by 
the following table: 



z 


ao tti 


q p 


t d 


^» 

s\{z) 


-ao a\ + 2ao 
ao + lai -Ci 


q + J p + 2qj + 2jq + 2"f 
^ + ^ P 


t d+"''f' 
t d 


Tf^iz) 




-q -f 


t d-^ 

ft 



where f = p - 2q^ - t. 

Definition 2.27 (cf. fTJ]). Let the automorphisms = 0, 1 j, R^r on 7C be defined by 

i?^,(ai) = X.;'oAd(x"^)oX„ 

R„ = (x\-^ -X, q^ -q)o Ad |exp " ^^j ^ jj ° ^d |exp " q^ ^ jj ' 

Rl{ao)=RnoRl,{ao)oRl. 

The automorphisms Rl-iad (i = 0,\,2) are defined by replacing x, 61 in i?;^(a,), with q, €2, 
respectively. 

Proposition 2.28 (fTT]). The automorphisms R^^.(ai) (i = 0,\), R„ preserve the Hamiltonian 
H^^(a) in the following sense. 

Rl(adm(a)) = H^,(si(a)) + C,„ 
R,{H',,{a)) = Hl,{n{a)) + C,, 
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where 



C --^ C -0 C --KX 



By definition, the automorphisms R%{ai) (i = 0, 1) and R,^ act the Hamiltonian H^j^(a) in the 
same way above. 

Definition 2.29. Let the automorphisms T„si, S on'K be defined by 

T,,, = R^i-ai - K)R,Rl(ai + K), 
S = Ad{D(air')R:S('^)Rl(ai + K). 

Theorem 2.30. The automorphisms R„, T^^^ and S act the quantum Lax operators Ln(Q') and 
Bii{a) as follows. 

For the automorphism R„, 

RALuia),Buia)) = (Luinia)), Bu(n(a))) . 

For the automorphism T^^t, 

Tnsi {{x - q)Lii{a)) = (q - x)Ln (nsiia)) , (2.18) 
iBuia)) = Bu(.7Ts,{a)), 

where Ij^,^ is some element in 7C whose explicit form is given in the proof. 
For the automorphism S , 

yp (rI (ai )Rl (a, + k) {(x - q)Lu(a))) D{a, ) 

(ai + ei)(6i + 62) 
(x-q) 



i(x - q)yp + iai+K- 62)^ + (^i - ai)p) \ D{ai) — — — | Ln(Qri + 61 + 62, -ai - lei). 



S (Biiia)) = Biiiai + 61 + 62, -ai - 2ei) - D{ai) — — Luiai + ei + 62, -«i - 26i). 

{x - qf 

Proof. For the cases of the automorphisms T,^si acting Ln(a), we show that 

{{x - q)p -a2-K) yRl^ {-ai - k)M |exp ' ^ j j ((-^ ' 

= - ((jc - q)y + a2+K) pR'l^ {-ay - k) 

o (x -x,q H-> -^) Ad(exp(| -^^^ - qt\ — 1| ((x - q)Lii{ns\{a)) , (2.19) 



which is the explicit form of (12.181 ). We omit the proofs of (12. 19k since they are similar to that 
of Theorem 12. 51 

Proofs of the other cases follow from direct computations by using Proposition l2.28[ □ 

Actions involving Rl^iao), R%(ao) on the quantum Lax operators can be obtained from The- 
orem |2]30l because of the definitions of R^^^(ao), R'i^(ao). 
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3. Derivation of the quantum Lax pair from CFT 

In this section, we derive the quantum Lax operators Lj and 5j (J = L • • • VI) from Virasoro 
conformal field theory. Note that the quantum Lax operators Lj and 5j introduced in section 
2 are linear combinations of Lj and 5j in this section, up to gauge transformations, and the 
parameters a, in section 2 are also linear combinations of a, in this section (see Remark [3TI) . 

The central charge c and conformal dimension (Lo-eigen value) h of the Virasoro algebra 
[Lm, Ln\ = (m - n)L,n+n + ^(m^ - m)5,„+„_o are parameterized as QU 

+ e )2 ^(ei + 62 - f ) 

c = 1 + 6 ^ ' ^' , h{a) = ^ (3.1) 

ei62 6162 

Following ifTSl . we introduce the k-\h confluent operator Of''^(z), depending on parameters 
Mo, . . . , M^. as 

0W(z) = exp {mo^(z) + ^v'(z) + • • • + ^^^'^(z))' (3-2) 

where (p{z) is a free boson such that ip{z)(p{w) = log(z - w) + regular. O^''^ corresponds to the 
usual primary field. The OPEs of with J{z) = (p'(z) and T(z) = \ J{zY + pJ'{z) are 

JizW'Kw) = y Jir\z - w)-"-'oW(w) = {-^^ + + • • • }oW(w), 

(z - w)""^^ (z - wY 
7(z)(DM(cx,) = 2 4~)z"-1(DM(c») = + ut-iz'-'- + ■■■ W\oo), 

n 

nzw\w) = y L^:\z - w)-""2oW(w) = {^-^^ + -^^^^ + ■ • ■ w'>x 

^ 2(z - wy'^^ (z - wy'^^ 

r(z)cDW(oo) = J] Lrz"-^0[^](oo) = Sz''-' + uuu.^a''-' + ■■■ ]^''\oo). 



More explicitly, in case of = 3 for instance, we have 

2 2 

U H 

T(z)^ul-,u,('^) = {yz^ + "3"2Z^ + + "3Wi)z^ + ("2"! + U3U0 + 2pu^)z 

+ (^ + mm + +PM2) + (uxuo + M2^ + m^)z'^ + • ■ • }ot'^^(oo). (3.3) 

2 OMi OU\ OU2 

3.1. Pvi case. Let ^'^'^^{q, x, t) be a correlation function on defined as 

%V = (Owi), Oy, = O,„(0)O,, (1)0^,(00, Jc«)(I),^/^)0,^(x), (3.4) 

where O/j. is the primary field of dimension hi = h{ai), (i = 0, 1, 00, q, x). We pull a,j = -61 
and Ux = -62, then we have the null field constraints 

L'i^H,(q) = -|^^^(^)' L^-l^hAx) = (3.5) 



We apply these specializations also for J = II, • • ■ , V cases below. 
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From the residue theorem Xpoies Res{^(z){T(z)0)dz^ = for the vector field ^LviCz)^ = 



L^^l L% &\ and L'^!^ which gives 



obtain a linear relation between {L[|^},=o,i,f,oo 
a differential equation for ^Pyf ^ of second order in q and x. Under the gauge transformation 

^ = gj'Vj where = U - q)-'^fj{xW^fj{qW^ with /vi(z) = z^-^z - 1)'"^ - tf, we obtain 
the desired equation Lyi^Pvi = 0- Similarly, taking the vector field as ^b^S-Z) = ^7:^5 we have 
the deformation equation 5vi*Pvi = 0. The final results are as follows 



Lvi = - (x- l)x(x - o{ 



at - 62 ao - ei ai - 62 62 - 61 
+ + — + 



X - 1 
a, - 61 



+ {q-\)q{q-t)\^^ + 
^ a - t 



X 

Go - €1 



- 1 
q-l 



X - q 

61 - 62 



■ - X 



+ C{q - x)-{x- l)x{x - t)€i^d/ + {q- \)q(q - 0^2^*9/, 



Byi ={q - \)q 



+ 



i{aot + a\t - uq) a 



l{q - t) 



1 

{t-l)t 

a - 1 



+ 



q- 



{x - \)x 



■ - X 



where C = {-a, - Qoo - - a\ + ?>6\ + 3e2){-at + aco - - ai + 61 + e2)/4. We note that the 
deformation equation fivi^Pyi = is equivalent to the BPZ equation (5.17) in [Sj associated to 
the field 0/i^^(^) and Lyi^Pvi = is a linear combination of the BPZ equations associated to the 
fields Q>h^{q) and 0;,,(x). 

Remark 3.1. Denote by Lyi and 5vi quantum Lax operators defined by (I2.1h anJ (|2.2I) . 
respectively. The quantum Lax operators Lyi and 5vi ^^ire expressed in terms of Lyi and 5vi 
/rom Virasoro conformal field theory as follows: 



Lyi — 
B\i = 



-vi. 



where 



^2){q - 


O^VI 






( n, \ 










«3 




-ai 


+ (ei + ^2) 


1 
1 


,Q'4. 








.1. 



y = 6i5„ j3 = 62dg, d = dt, 



and b = (ei - €2){(aQt + a\t - ao) a, 12 - Ct] can be removed by some gauge transformation. 
3.2. Pv case. Operators: Oy = Oft^(0)O/,j(l)Ov(oo)O;,^(<5r)O;,Jx), where Oy e {O^^l} such as 

d 



r(z)Ov(cx)) 

Vector fields: ^i^iz) = 
,ao - 62 



, -r ?(6i + 62 + 2a2 - ao - ai) , 1/ 9 
{- + ^— ^ -z'^ + t—z~^ + 

46i62 26162 



}Ov(c«). (3.6) 



<;c- l)x{- 



+ 



a\ 



62 62 
— + — 



q 



61 ai 
— + — 



— + — 



+ 1 



)e2dq 
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- ta2{q - x) + {x- l)x6i^d/ - (<? - 1)^62^*9^^, 

By =(<? - l)q\- — — + - — 7^ + — t]e2dg - 161628 1 - — — ^—61628,: - (<? - 1)<?62^(9/ 

^ q q - ^ q - X ' q - x 

+ \^-t{-ai - 2a2q + 2a2) - - (-ao - ai + 61 + 62) (-ao - ai + 36i + Sfi) }• 

3.3. Piv case. Operators: Oiw = 0/,o(0)0vi(oo)0/,^(<5r)0/,^(jc), where Ovi 6 {O^^^} such as 

-1 9 -t —f- + 2a] — an 1 , 

r(z)Ovi(c«) = {- + z + + -8rz'' + ■■■ }Ovi(oo), (3.7) 

I06162 4^162 46162 2 

Vector fields: ^l,,(z) = j^r^y ^b,,(z) = ^. Gauge factor: M(z) = z''°e-''-'''\ 

iao-62 62-61 jc> iao-6i 61-62 q i „ 

Liv = x\ + t - - \6idjc - q\ + - ^625,^ 

^ X X - q 2> q q - X 2 > 

+ X6i^8^^ - q62 8q + - X), 

f6\ — a.Q 62 q \ 1( l^'i ^ n 2n2 
+ + X + t\6i8q + x|K«!o - e\- 62) + a\q\ - -6^6281 — 6162^;^- - q62 8q . 

3.4. Piii case. Operators: Om = ^iiiiO)^iiv(oo)%,^^(q)%,X^), where Oiii(O), Oiir(oo) e {Ol^l} 
such as 

nmuM = {^z-^ + K26i+ 262 -ao) ^.3 ^ ^^^^_2 ^ . . . j^^^^^o^^ 
46i62 26162 

r(z)0„,(oo) = + ^£1^^^201+00^.1 ^ 

46i62 26162 

Vector fields: = 7—^, = ^. Gauge factor: /ni(z) = z'^°e"'^\ 



_ 2 

-III - -q 



Oo - 26i ? 61-62 , 1 ^ liClo- 262 62-61 ? 



q^ q - X ' ^ X X - q 



- (^-628^ + .X:^6i^5;,^ + Oi(<5r - X), 
Bill = -q^-[— — — + ^ 1)625^ + {^Oo(-Oo + 26i + 262) + Oi<7 + ^} 

-q 62 8q 61 62^;, - t6i628t. 

q - X 

3.5. Pii case. Operators: On = On(oo)0/,^(<5r)0/,^(x), where On e {0^^^} such thal§ 

-1 A —t 9 -2o - 61 + 62 20 + 61-62 I 

r(z)Oii(cx,) = { z^ + — z^ + h + 28t + ^ -tz-' + ■■■ }0„(oo). (3.8) 

6162 1 661 62 6162 6162 



_ _ 2 ,3 

q)(z-x)^ ^t^ll^ ' z-q' 

62 - 6n f 2 , 61 - 62 ] 



Vector fields: ^l„(z) = -^^r^^y ^Bniz) = Gauge factor: /ii(z) = e 5^' 



L„ = 2(o + 6i)(^ -x) + [2q^ + t + -^^]e28q - [2x^ + ? + ^T^^i^.v + ^i"^.' - ^i'^/ 



^We have set the additional parameter U2-O in the coiTesponding equation (13.31 1. 
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Bii = 2(a + ei)q + [iq^ + t + — ^lei^o - 26162^; ^^eid^ - e-id}. 

^ q- X' q - X 

3.6. Pi case. Operators: Oi = Oi(oo)0;,^(^)0/,^(x), where Oi is a degenerate case of O^^^ such 
that 

T(z)^i(oo) = {—z^ + —z + ld, + --- }Oi(cx)). (3.9) 
6162 6162 

Vector fields: = 2{z-q)(z-xy ^bi(z) = Gauge factor: fi(z) = 1. 

Li = (4q^ + Iqt - Ax^ - Ixt) - ^-^^e,d^ + ^^^62^^ + e^^d^^ - e^d^, 

q — X X — q 

5i = (4^3 + Iqt) + ^— 62^5g ^— eiei^x - ^2^5/ - 261625;. 

q — X q — X 

3.7. Piii (Dy) case. Operators: Oj^'^ = ^'S^\mti\^)^hJ.q)^hM^^ 

r(z)OS^)(0) = {-^Z-^ + r(26i+62-ao)^_3 _^ ^^^^_2 ^ . . . 
46162 ^^1^2 

Vector fields: = ^^.n^z) = ^. Gauge factor: /jf = e-'/(2z)2«o. 

^m''' = {^(2^1 ~ "0) - ^ - 4^2^^ + {^(«o - 262) + ^ ^^^^ + t\exd„ 



2^ 2 <j 2 (g - x){2qx + ?62) 2^ 2 . 2 

q ^2 Oq V X €1 Ox , 

2qx 



^m^ = { - ao^ + + ^61 - r|625^ + {^ao(-ao + 26i + 262) + ^ ~ 

- q^e2'dq^ - 161628, - 61628 X. 

q - X 

3.8. Fill (Dg) case. Operators: C)!;;^^ = o|J«\0)O;jf^(oo)$,^(^)(D,^(;c), 

TizW^fiQ) = {—Z-' + t8,z-^ + ■■■ Wm'\0), 

T(zW^f\oo) = {— + . . . }o;^fV). 

Vector fields: = i^=i^y ^b'-Az) = ^. Gauge factor: f}^f'\z) = 

^(.3) ^ _ ^ (q-x)(t-qx) ^ ^2^2Q2 ^ ^AflZ^,^s^^ 

q - X qx q - X 

o(D8) 2 2 n 2 ^ [ (61+62)^ t\ qx qx 2 n 

^III ^2 dq +\ q--}- t6i628, 6162^;^ + ^2^^. 

[4 q) q- X q- X 

23 



Remark 3.2. It is known that the classical limit of the Knizhnik-Zamolodchikov equations are 
the Schlesinger equations [[2T|. [[5]|. Similarly, all the above operators Lj,Bj from Virasoro 
conformal field theory give the Lax pair for the classical Painleve equations Vj (see Appendix 
A) under the limit 62 ^ with €28^ p, up to a gauge factor independent ofz- See [fTTll . |[24l 
for the more detail. 

Remark 3.3. In a similar way, one can derive the Lax pair for quantum Gamier system of 
N -variables, by inserting N -primary fields 0^e|(^,) (/ = \, . . . ,N). 

Remark 3.4. The confluent/degeneration scheme of the Painleve equation is summarized by the 
following diagram 

Pvi(l, 1,1,1) ^ Pv(2,l,l) ^ Piii(2,2) ^ Pni(2,|) ^ Pm (f, |) 

\ \ (3.10) 

Piv(3,l) ^ Pn(4) ^ Pi(|) 



where the numbers (z'l, Z2, " ■ " ) represent the 'Poincare rank +1 ' of the singularities. The cases 

J^TO 3\ pDs/3 3-^ 

niv^' 2-'' iin2' 2^ 



Pf?J(2, |), Pf?,*(l, I) are degenerate case of Pm and studied systematically in [|20| . In view of 



the Ad N = 1 gauge theory, the series (1,1,1,1) (2,1,1) (2,2) (2, |) (|, |) 
correspond to the S U (2) gauge theories with Nf = 4,3,2, \,0, and the series (3,1)^ (4) (|) 
corresponds to the AD theories tSj]. 

Appendix A. Classical cases 
A. 1 . Data for the classical Painleve equations. ^9^, [|20l 

Vi:Hi = ^-2q^ - tq. 



Li = \- 4x' - 2tx - 2Hi + — ^— d, + d/, 

^ X - q' X - q 

Bi = dt- — -d, + ^ 



2(x - q) ^ 2(x - q) ' 



Pii : ^ii = y - [q^ + :^P - aiq, 

D 1 

Ln = (— ^ - 2//n - 2aix| - \2x^ + t + + 5^, 

^x - q ' ^ X - q' 

Bu = dt ^- + , 

2(x - q) 2(x - q) 

5i = {ai 1-^ -ai,q ^ q + ajp}, 

n = {ai ^ \ - ai,q ^ -Q,P ^ -p + 2q^ + t). 



Ill 



f ao pq tHiin f 1 - ai 1 t 1 

^iii = - — + 7 — r + + - - 1 5, + 5, , 

^ X x(x - q) x^ ' ^ X X - q > 
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Bm = Ot- -dx + 



t(x - q) ^ t{x - q) ' 
sq = {ciQ ^ -do, fli ai + 2ao, q ^ q + ao/p}, 

si = {ao 1-^ 1 +ao +ai,a\ i-> -2 - ai, p i-> p - (ai + 1)1 q + tlq^,t -t), 
S2 = {ai i-> -2ao - ai,q i-> q - (ao + a{)l{p - 1)}. 

Pm ^ : H'S^'^ = ^(pY + q + pt + a,pq), 

rl-p p tH^i'\ , f ai + 1 1 . 

U\i = + 5— + + -^}ox + Ox , 

^ X X - q x"^ ' ^ X X - q x^ 

Bm = d,- -dx + 



t{x - q) t{x - q) ' 
sq = {a\ ^ 2 - a\, p ^ p - {\ - a\)lq + tlq^, t -t), 

s\ = {ai i-> -a\,p -p, q ^ -q - a\lp - l/p^, t i-> -t}, 
TT = {fli \ - ai,q\-^ tp,p -q/t, t ^ -t}. 

t q 

= 1^ + - ^ + 4) + {- - — K 

X x-^ x^ X-" ^x x-q' 

"I t(x-q) t(x-q) 

n = {qt-^ t/q,p -q(2qp + l)/(2t)}. 

Piv : = qpf - aip - a2q, f = p - q - t, 

J f HjY pq 1 ( 1 - ai 1 la , a 2 

^iv = - «2 + r + t-x \dx + dx , 

^ X x{x - q)' ^ X X- q' 



X- q X- q 

so = {p i-> p + (l -ai- a2)/f,q i-> q + (l -ai- 02)//, oi 1 - 02, 1-^ 1 

si = {p ^ p - a\lq,ai -01,02 ^ a\+ 02}, 

S2 = {q^ q + a2lp,ai oi +02,02 1-^ -02), 

n = {p -/, ^ 1-^ -p, ai ^ a2,a2^ I - ai - 02}. 

\:Hy = y - + Op + {«i - (ai + ai)q}p + a2qt], 

p(q - l)q a2tx - tH^f ^ A - ai \ - 1 ^ . 

1 + \-t-\ \Ox + Ox 

{x-\)x{x-q) {x-\)x > ^ X x-\ x-q> 



Lv = 



(.y- , p{q - l)g 

By = Ot H , 

t(x - q) t{x - q) 
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Sq = {ai \ - a2 - a^, ^ I - ai - a2, q ^ q + - ai - a2 - a^)l{p + t)}, 

Si = {ai -ai,a2 ^ ai + 02, ai„p p - a\lq}, 

$2 = {ai ai + a2, ai, ^ a2 + a^, 6(2 ^ -<^2, q ^ q + 6(2/ p}, 

S3 = {CI3 ^ -a3,a2 ^ a2 + as, p ^ p - a^/iq - 1)}, 

7T = {ai ^ a2, «2 1-^ (33, a3 1-^ \ - - a2 - a^, q -p/t, p ^ (q - \)t}. 



VI • ^vi 



qjq - l)iq - t) ( 2 . '^o " 1 04. 1 i.q - t)a2ia\ + ai) 

t{t-\) q-t'^q-l'^q^l t(t - I) 



T _i a2(«i+6(2) t{t-\)Hyi 

Lyi - 1 — : + 



{x - \)x{x - q) {x - \)x {x - \)x{x - t) 

+ + T + r-^ + ' 

^jc-? ;c-l ;c X- q' 



q' 

{t-q){x-l)x p{q-\)q(q-t) 

Bvi = Of Ov -I > 

IM^-x) (f- IWjc-^) 

50 = {uq -ao, a2 ao + 6(2, p 1-^ p - «o/(<? ~ 0). 

51 = {ui 1-^ -ai, a2 ai + a2}, 

$2 = {ao ^ ao + a2, ai ai + a2, a2 ^ -^2, a^ a2 + ai,, a^s, a2 + a^, q q + 02/ />}, 

53 = {a2 ^ a2 + ^3,6(3 -a3,p p - a^/iq - 1)}, 

54 = {a2 a2 + a4, a^ -a4,p p - a^lq], 

(q - t)ipiq - t) + a2) iq - l)t . 

ni = {ao 1-^ a\,ai ^ ao,a3 1-^ a4,a4 a^, p ; ,q 1-^ }, 

t(t - \) q - t 

qipq + a2) t 

712 = Wo ^ aT,,ai 1-^ (34,(33 1-^ (3o,(34 ,q -}, 

? q 

(q - l){p(q - I) + a2) n - t 

n-i = {ao ^ a4,ai (23,(5(3 1-^ ai,a4 ^-^ ao,p ^ ,q ^ 



t-1 ' q-1 

A. 2. Symmetry of the classical Lax operator. [|9l. [|23l 
Proposition A.l. IfLjy{x) = then iw{Lj)y = 0, where 



y = (d,Y~"'y, w = TTS.TT, £ = d, + + — , (for J = II) 

X - q X - w{q) 

y = (d.f-^'e^y, w = tts^tts,, e = d\- (— + ^-^\d. - + (for J = III^') 

\x-q S\{q) I x-q x + S\{q) 

2 1 1 

5; = {d,f'"'y, w = srS2SiSo, € = d, + - + + — , (for J = III) 

X x-q X - w{q) 

y = {.d,f-"'y, w = sisosu £ = d, + - + ^—^ + (for J = IV) 

X x-q X- w{q) 

y = (djcf~"'y, w = 53*051 50*3, € = d„ + - + ^— - + - — — + , (for J = V) 

X X - I x-q X- w{q) 
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2_ 1 1 1 1 - a2 1 

(dj,) "^y, w = S4S3SiS(iS2S4S3SiS(i, £ = dj, + - + - + + + — . (fori 

X X - I X - t X - q X- w{q) 



Proposition A.2. IfLjy(x) = then w(Lj)y = 0, where 



y = 


{aiy + (x - q - 


ai/p)yx}/(x- 


q), w = 


siKSiTT, (fori = II) 


y = 


{xy,^ - qpy}/(x 


-q), W = SiTT; 


, (for J 


= III^^) 


y = 


{aoy + ix-q- 


ao/p)yx]/ix- 


q), w = 


S1S2S1, (for J = 111) 


y = 


{a2y + (x - q - 


ailp)yx]l{x- 


q), w = 


S1S0S1S2, (fori = IV) 


y = 


{a2y + (x - q - 


ailp)yx]l{x- 


q), w = 


S3S0S1S0S3S2, (forJ = V) 


y = 


{a2y + {x - q - 


ailp)yx]l{x- 


q), w = 


S4S3SiSqS2S4S3SiSqS2. (for J 
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